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$q$- Iwahori-Hecke [6, 23]
Temperley-Lieb [3], Brauer [2, 24] $q$-
BMW [20], Walled Brauer [15, 9]
( ) Partition












$RS$ $P$ $Q$ 4
diagram cellular 1
1 (C3) cellular diagram
involution
3 cellular 1








2.1 $R$ [ $\mathfrak{S}$n]( )
$\mathfrak{S}_{n}$ $\mathfrak{S}_{n}$ $n$ $n!$
$\mathfrak{S}_{n}$ $\sigma$
1. $\{$ 1, 2, $\ldots,$ $n\}$
2. $i$ $\sigma(i)$











$s_{i}^{2} = 1_{R}(i=1,2, \ldots, n-1)$ ,
$s_{i^{S}i+1^{S}i} = s_{i+1^{S}i^{S}i+1}(i=1,2, \ldots, n-2)$ ,









Tenperley-Lieb $TL_{n}(\delta)$ ( ambient




$R[\mathfrak{S}_{n}]$ $TL_{n}(\delta)\ni D_{1},$ $D_{2}$ $D_{1}$ $D_{2}$
2
$TL_{n}(\delta)$
$\delta$ $D_{1}D_{2}$ $TL_{4}(\delta)\ni D_{1},$ $D_{2}$
$D_{1}\cdot D_{2},$ $D_{2}\cdot D_{1}$ :
$D_{1}\cdot D_{2}$
$D_{2}\cdot D_{1}$
$TL_{n}(\delta)$ $i$ $i+1$ $i$ $i+1$
$t_{i}(i=1,2, \ldots, n-1)$ :
$TL_{n}(\delta)$ $TL_{n}(\delta)$
:
$t_{i}^{2} = \delta t_{i}(i=1,2, \ldots, n-1)$ ,
$t_{i}t_{i\pm 1}t_{i} = t_{i}(i=1,2, \ldots, n-1)$ ,
titj $=$ tjti $(i,j=1,2, \ldots, n-1, |i-j|>1)$ .
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2.3 $P_{n,r}(Q)$ (Party Partition )
Party $P_{n,r}(Q)$ 2 $n$
$M=\{1,2, \ldots, n\}, F=\{1’, 2’, \ldots, n’\}$
$F\sqcup M$ $R[Q]$-
($r=1$ Partition ):
$\Sigma_{n}^{r}$ $=$ $\{\{T_{1}, \ldots, T_{s}\};s=1,2,$ $\ldots,$
$T_{j}(\neq\emptyset)\subset M\cup F, |T_{j}\cap M|\equiv|T_{j}\cap F|(mod r)(j=1,2, \ldots, s)$ ,
$\cup T_{j}=M\cup F,$ $T_{i}$ $T_{j}=\emptyset$ if $i\neq j\}$
$r=1$ Partition $|T_{i}\cap M|\equiv$
$|T_{i}\cap F|$ $\Sigma_{n}^{r}$
1. 2 $n$
2. $n$ $F$ $\{1’<2’<\cdots<n’\}$
$n$ $M$ $\{1<2<\cdots<n\}$







$m_{1} m_{2} m_{3} m_{4} m_{5}$
1: $P_{5,2}(Q)$
$w_{1}w_{2}$
$f_{1}$ $f_{2}$ $f_{3}$ $f_{4}$ $f_{5}$
$f_{1}$ $f_{2}$ $f_{3}$ $f_{4}$ $f_{5}$
2: $P_{5,2}$
$w_{1}$ $=$ $\{\{m_{1}, m_{3}, m_{4}, t_{1}, t_{2}, t_{4}\}, \{m2,m_{5}\}, \{f_{3}, f_{6}\}\},$
$w_{2}$ $=$ $\{m_{1},m_{2}, f_{1}, f_{4}\},$ $\{m_{4},m_{5}\},$ $\{f_{2)}f_{5}\}\}$




$f$ $=$ $\{\{m_{1}, m_{2}, f_{1}, f_{2}\}, \{m_{3}, f_{3}\}, \{m_{4}, f_{4}\}, \ldots, \{m_{n}, f_{n}\}\}$
$e_{r}$ $=$ $\{\{m_{1}, m_{2}, \ldots, m_{r}\}, \{f_{1}, f_{2}, \ldots, f_{r}\}, \{m_{r+1}, f_{r+1}\}, \ldots, \{m_{n}, f_{n}\}\}$
$s_{i}$ $=$ $\{\{m_{1}, f_{1}\},$
$\ldots,$
$\{m_{i-1}, f_{i-1}\},$








$r=2$ [13] $r>n$ [10]
2.4 $M_{n}(x)($Motzkin $)$




2. $2k$ $k$ $(k=0,1, \ldots, n)$ .
( ambient isotopy ) $R[x]$-
$M_{7}(x)$ :






$r_{i}=II::$ $I^{i}1^{i+1}I::|,$ $l_{i}=$ I I $::i^{i}\backslash ^{i+1}I\cdots I$





$l_{i}r_{i}=r_{i+1}l_{i+1} (i=1,2, \ldots, n-2) , (RO)$
$r_{i}l_{i}r_{i}=r_{i}, l_{i}r_{i}l_{i}=l_{i} (i=1,2, \ldots, n-1) , (R1)$
$r_{i}t_{i}r_{i}=r_{i}^{2}, l_{i}t_{i}l_{i}=l_{i}^{2} (i=1,2, \ldots, n-1) , (R2)$
$t_{i}r_{i}t_{i}=t_{i} (i=1,2, \ldots, n-1) , (R3)$
$r_{i}t_{i}=l_{i}t_{i}, t_{i}r_{i}=t_{i}l_{i} (i=1,2, \ldots, n-1) , (R4)$
$t_{i}^{2}=xt_{i} (i=1,2, \ldots, n-1) , (R5)$
$(r_{i}l_{i})r\iota+1 = r_{i+1}(r_{i}l_{i}) (i=1,2, \ldots, n-2)$ ,
$(r_{i}l_{i})l_{i+1} = l_{i+1}(r_{i}l_{i}) (i=1,2, \ldots, n-2) , (R6)$
$(r_{i}l_{i})t_{i+1} = t_{i+1}(r_{i}l_{i}) (i=1,2, \ldots, n-2)$ ,
$(l_{i+1}r_{i+1})r_{i} = r_{i}(l_{i+1}r_{i+1}) (i=1,2, \ldots, n-2)$ ,
$(l_{i+1}r_{i+1})l_{i} = l_{i}(l_{i+1}r_{i+1}) (i=1,2, \ldots, n-2) , (R6’)$
$(l_{i+1}r_{i+1})t_{i} = t_{i}(l_{i+1}r_{i+1}) (i=1,2, \ldots, n-2)$ ,
$t_{i+1}r_{i} = t_{i+1}t_{i}l_{i+1} (i=1,2, \ldots, n-2)$ ,
$(R7)$
$r_{i+1}t_{i} = l_{i}t_{i+1}t_{i} (i=1,2, \ldots, n-2)$ ,
$r_{i}t_{i+1} = l_{i+1}t_{i}t_{i+1} (i=1,2, \ldots, n-2)$ ,
$(R8)$
$t_{i+1}l_{i} = t_{i+1}t_{i}r_{i+1} (i=1,2, \ldots, n-2)$ ,
$t_{i}r_{i+1} = t_{i}t_{i+1}l_{i} (i=1,2, \ldots, n-2)$ ,
$(R8’)$
$l_{i+1}t_{i} = r_{i}t_{i+1}t_{i} (i=1,2, \ldots, n-2)$ ,
$x_{i}y_{j}=y_{j^{X}i}$
$(x_{i}\in\{t_{i}, r_{i}, l_{i}\}, y_{j}\in\{t_{j},r_{j}, l_{j}\}, |i-j|>1, (R9)$




3.1. $R$ $1_{R}$ $R$ $A$
4 $(\Lambda, M, C, *)$
$A$ cell $A$ $cel$ lular :
2 [21]
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$(C1)\Lambda$ (Poset) $\forall\lambda\in\Lambda$ $M(\lambda)$
$M(\lambda)$ $\lambda$ (shape) (tableau)
$A$ $C$
$C: \prod_{\lambda\in\Lambda}M(\lambda)\cross M(\lambda)arrow A$
$C$ Image $C$ $A$ $R$
$(C2)$ $S,$ $T\in M(\lambda)$ $(C1)$ $C$
$A$ $C_{S,T}^{\lambda}$ $A$ $R$ - $*$
$(C_{S,T}^{\lambda})^{*}=C_{T,S}^{\lambda}$
$(C3)(C2)$ $A$ $C_{S,T}^{\lambda}$ $a$
:
$aC_{S,T}^{\lambda} \equiv\sum_{S\in M(\lambda)}r_{a}(S’, S)C_{S,T}^{\lambda}$
$($mod $A(<\lambda))$ .
$r_{a}(S’, S)\in A$ $A(<\lambda)$ $A$ $R$ -
: $A(<\lambda)=\langle C_{S’,T"}^{\mu}|\mu<\lambda\rangle.$
4 $A$ cell cell cellular
$A$ cell $(C1)$ $C$ $A$ $A$ cell
$)$ 3.2. $A$ cellular cell
$)$ 3.3. $(C3)$ $*$ -involution $C_{T,S}^{\lambda}$ $a^{*}$
:




$n$ $n$ Young cell





















$wrightarrow(P, Q)$ $w^{-1}rightarrow(Q, P)$
$R[\mathfrak{S}_{n}]$ Kazhdan-Lusztig $\mathfrak{S}_{n}$












$n$ 2 $n$ Young
$t=$ ( $1$ Young )–(2 Young )
$\{n, n-2, n-4, \ldots\}$ 1 1 $t$
propagating 6 propagating path
Young $R[\mathfrak{S}_{n}]$
6: $TL_{4}(\delta)$ Bratteli
Bratteli path $(P, Q)$ $C_{P,Q}$ $TL(\delta)$
1. propagating $t$ Young 1
$(n+t)/2$ 2 $(n-t)/2$
2. 1. path $(P, Q)$
3. path $P,$ $Q$ $+,-$
(1 ) $+$ , (2
)





















3. $3$ $P_{n,r}(Q)$ cell
$P_{n,r}(Q)$ $\Lambda=\Lambda_{n}$ Ao
Ao 1 $Q$ $(Q\geq r)$ Young 1
2 $r$ $0$ $\emptyset$ 1
$\{F^{I\ldots..H}, \emptyset, \ldots, \emptyset)\}.$
$\Lambda_{i+1}(i=0,1, \ldots,n-1)$ $\Lambda_{i}$ :
(1) $\Lambda_{i}$ 1 $\emptyset$ ($j$ ) 1
(2) (1) Young 1 $j+1$ (
$j=r$ 1 ) Young 1
$Q=5,r=2$ Ao $\Lambda_{3}$ Hasse
2
$R[\mathfrak{S}_{n}]$ $TL(\delta)$ Ao $\Lambda_{n}$
path $P_{n,r}(Q)$ Bratteli
( 7).
7 $Q$ 5 $Q$
$(Q\geq n$ $)$ , $Q$
$Q$
Hasse 1 Young 1
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7: $P_{5,2}$ $(Q=5)$
1 Young $r$ $i$
Young $j-1$ $(j=r, r-1, \ldots, 2)$ .
8: $Q$ cell
$\Lambda=\bigcup_{i=1}^{n}\Lambda_{i}\ni[\lambda^{(0)}, \lambda^{(1)}, \ldots, \lambda^{(r-2)}, \lambda^{(r-1)}]$
$[\lambda^{(1)}, \lambda^{(2)}, \ldots, \lambda^{(r-1)}, \lambda^{(r)}]$
$\lambda^{(r)}$ $\lambda^{(0)}$ 1 Young
( 8).
$Q$ cell :
$\Lambda_{i}=\{[\lambda^{(1)}, \lambda^{(2)}, \ldots, \lambda^{(r-1)}, \lambda^{(r)}];\sum_{j=1}^{r}j|\lambda^{(j)}|=i, i-r, i-2r, . . .\}$
9 7 $Q$ $P_{n,r}(Q)$
$Q\geq n$ $\{0,1, \ldots, n-1\}$
Bratteli 4.
Party $P_{n,r}(Q)$ cell
propagator $\Sigma_{n}^{r}\in w\in T$ propagator
4
37
9: $P_{5,2}$ ( $Q$ )
$|T\cap F|\equiv|T\cap M|\equiv t$ $t$ $\{$ 1, 2, $\ldots,$ $r\}$
$t=t(T)$ $T$ $w$ propagator
$i$ propagator $l_{j}=l_{j}(w)$ $w$
$(l_{1},$ $l_{2},$
$\ldots$ , $w$ propagator
$j$ $\sigma j\in \mathfrak{S}_{l_{j}}$ $\sigma j$
Robinson-Schenstead $r$ Young






$M_{n}(x)$ $\Lambda=\Lambda_{n}=\{0,1,2, \ldots, n-1\}$ 1, $0,$ $-1$
$\Lambda_{i+1}$
Hasse 10 $\Lambda_{0}$ $0$ $\Lambda_{n}$
path $M_{n}(x)$ Bratteli $\Lambda_{n}$
propagating $TL(\delta)$ Bratteli
path $(P, Q)$ $C_{P,Q}$ Motzkin :
1. propagating $t$ path $(P, Q)$
2. path $P,$ $Q$ $+$ ,0,
$+$ , $0$ ,
38
















$.\cdots\cdots \cross \cross \cross$
$0-0-0-0-0$
10: $M_{4}(x)$












$(C3)aC_{\mathcal{S},T}^{\lambda} \equiv\sum_{S’\in M(\lambda)}r_{a}(S’, S)C_{S,T}^{\lambda}(mod A(<\lambda))$ .
$C_{S’,T}$ $r_{a}(S’, S)$ $T$
$W(\lambda) ;= \{C_{S}|S\in M(\lambda)\}$
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